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Abstract—The existing cellular networks are being modified
under the umbrella of fifth generation (5G) networks to provide
high data rates with optimum coverage. Current cellular systems
operating in ultra high frequency (UHF) bands suffer from
severe bandwidth congestion hence 5G enabling technologies such
as millimeter wave (mmWave) networks focus on significantly
higher data rates. In this paper, we explore the impact of co-
existance of massive Multiple-Input Multiple-Output (MIMO)
that provides large array gains and mmWave small cells on
coverage. We investigate the downlink performance in terms
of coverage and rate of a three tier network where a massive
MIMO macro base stations (MBSs) are overlaid with small cells
operating at sub-6GHz and mmWave frequency bands. Based
on the existing stochastic models, we investigate user association,
coverage probability and data rate of the network. Numerical
results clearly show that massive MIMO enabled MBSs alongside
mmWave small cells enhance the performance of heterogeneous
networks (HetNets) significantly.
Index Terms—Heterogeneous networks, 5G cellular networks,
Millimeter wave, sub-6GHz bands, massive MIMO, stochastic
geometry.
I. INTRODUCTION
Over the years, the data rate demands have increased im-
mensely and the exponential growth in traffic calls for making
use of higher frequency bands in addition to conventional
sub-6GHz bands. The upcoming 5G technology is thought
of, by researchers, as a mixture of multiple network tiers of
variable sizes, transmit powers, range, operating frequencies,
making a heterogeneous network (HetNet). 5G promises wide
range of applications alongside high data rates but existing
cellular infrastructure works on sub-6GHz bands, which is
unable to meet the 5G data demands. However, millimeter
wave (mmWave) communication base stations (BSs) operating
at 10 to 300 GHz frequency bands with bandwidths up to 2
GHz and multiple antenna arrays at sub-6GHz BSs providing
high array gains are seen as key enablers of 5G communication
providing high coverage and data rates.
The HetNets, massive Multiple-Input Multiple-Output
(MIMO) and mmWave cells have gathered researchers atten-
tion and a lot of work is being done on their performance. For
instance, [1] proposed stochastic geometry-based model for
mmWave network to analyse coverage and rate trends, effects
of antenna pattern and blockages by deploying BSs using a
Poisson point process (PPP) model. Authors in [2] analysed
performance of mmWave hybrid networks based on simulation
models. The massive MIMO has been investigated in [3], it
presents results for achievable rate in uplink network scenario
for MIMO at BSs, the authors investigated user association for
massive MIMO HetNets in [4] and [5] stochastically modelled
user association and coverage for K-tier HetNet with massive
MIMO in macro tier.
Though the aforementioned literature clearly explains the
efficiency of mmWave networks in providing better coverage
than UHF networks and that of massive MIMO in providing
large array gains, an analytical approach to investigating the
impact of co-existence of massive MIMO and mmWave cells
on user association, coverage and rate in a HetNet has not been
explored yet. This paper deals with extending existing stochas-
tic geometry models for analysis of 3-tier network composed
of massive MIMO enabled sub 6-GHz macro cells overlaid
with mmWave and sub 6-GHz small cells. We analyse network
performance in terms of user association, network coverage
and data rate. To the best of our knowledge, no prior work
has investigated network performance of mmWave small cells
coexisting with traditional heterogeneous networks while as-
suming Nakagami fading model for mmWave communication
and massive MIMO enabled macro BSs (MBSs). We deploy N
antennas at each macro cell BS which simultaneously transmit
data streams to S users using linear zero-forcing beamforming.
The mmWave and sub-6GHz small cells BS are deployed at
higher density than MBSs and user association, coverage and
rate trends are discussed.
II. SYSTEM MODEL
We consider the downlink transmission scenario of a three-
tier HetNet comprising of sub-6GHz macro cells overlaid with
small cells operating at sub-6GHz and mmWave frequency
band. The BSs of kth tier are uniformly distributed as Ho-
mogeneous Poisson Point Process (HPPP) Φk with density
λk where k = {1, 2, 3}. The users are also assumed to be
uniformly distributed as HPPP Φu with density λu. The sub-
6GHz small cells constitute tier 2 while tier 3 constitutes
small cells operating at mmWave frequency band. Massive
MIMO is implemented at the macro cells where N antennas
are installed at each MBS which simultaneously transmit to
S users such that N  S ≥ 1 [6]. The sub-6GHz small cell
BSs, mmWave BSs and users are single antenna nodes. Zero
forcing beamforming is used by each MBS for transmitting
S data streams with equal power assignment. Transmission
is taken to be time-division duplex (TDD) and it is assumed
that downlink channel state information is known at the MBS
[5]. Analysis is performed for a typical user located at the
origin, in accordance with Slivnyak’s Theorem. The mmWave
small cells can have either line of sight (LoS) or Non-line
of sight (NLoS) link to the typical user. Hence we split Φ3,
by applying independent thinning theorem, to ΦL3 and Φ
N
3
as point processes of LoS and NLoS mmWave small cells,
using LoS probability function p(R), to evaluate that a link
of length R is LoS or NLoS [1]. Thus, ΦL3 and Φ
N
3 have the
densities p(R)λ3 and (1− p(R))λ3, respectively, while p(R)
is discussed in Section II-C.
A. Downlink User Association
An open access scheme has been assumed such that user is
allowed to connect to any tier BS. We assume user association
is based on maximum average received power.
The average received power at a user associated with MBS
j(j ∈ φ1) is given as,
Pr,1 = GM
P1
S
Lj,M (x), (1)
where P1 is MBS’s transmit power, Lj,M (x) = x−α1 is path
loss function where α1 is path loss exponent and GM =
N − S + 1 is the array gain for zero forcing beamforming
transmission [6]. It is evident from (2) that the array gain of
massive MIMO macro cell tier has a prominent impact on user
cell association. The average received power in case the user
is associated with small cell tier i BS is,
Pr,i = PiLi(x), where i = {2, 3}, (2)
where Pi is small cell BS transmit power in the ith tier and
Li(x) = x
−αi
i is small cell path loss function with path loss
exponent αi.
B. Channel Model
We assume independent and identically distributed (i.i.d)
Rayleigh fading channel for sub-6GHz links and independent
Nakagami fading for mmWave links. The SINR of a typical
user located at a distance x associated with the MBS is
represented as
SINRuM =
P1
S ho,MLo,M (x)
σ2 +
∑
j∈Φ1\bo,M
P1
S hj,MLj,M (xj) + IS
, (3)
such that IS =
∑
q∈Φ2 PqhqLq(xq) is inter cell interference
from the small cell operating in sub-6GHz band except the
serving BS bo,M , while hq ∼ exp(1) is the small scale fading
gain from the interfering channel. Similarly, xq is distance
between the typical user and small cell BS q, ho,M ∼ Γ(N −
S + 1, 1) is the small scale fading gain of the typical user at
the distance x from the serving BS and hj,M ∼ Γ(S, 1) [6], xj
is distance between typical user and MBS j, Lq(xq) = x−α2q
and σ2 is the noise power.
Similarly, the SINR of a typical user located at the distance
x associated with the sub-6GHz small cell is represented as
SINRuS =
P2ho,SLo,S(x)
σ2 + IM +
∑
q∈Φ2\bo,SP2hq,SLq,S(xq)
, (4)
where IM =
∑
j∈Φ1
Pj
S hjLj(xj) is intercell interference from
macro cells , Lq,S(xq) = x−α2q and Lo,S(x) = x
−α2 . Here,
hq ∼ exp(1) is the small scale fading gain from the interfering
channel and xq is the distance of the typical user from small
cell BS q. Similarly, ho,S ∼ exp(1) is the small scale fading
gain of the typical user at the distance x from the serving
BS while hj is small scale fading power gain such that hj ∼
Γ(S, 1). Here, xj is distance of the user from MBS j.
The SINR for the typical user associated with mmWave
small cell is represented as
SINRm =
P3MrMtho,mLo,m(x)
σ2 + P3
∑
j∈L,N
∑
i∈Φ3\bo,mGlhi,mLi,m(xi)
,
(5)
where Lo,S(x) = x−α3 , ho,m is small scale fading gain where
different Nakagami fading parameters are taken for LoS and
NLoS links, Mr and Mt are the main lobe gains of the transmit
and receive antennas, j ∈ {L,N} identifies the interfering
link as either LoS (L) or NLoS (N) and Gl is the directivity
gain of interfering BSs. It is assumed that both the BSs and
the users are in perfect alignment with each other so the
directivity gain of the desired link signal is given by MrMt.
Beam direction is assumed to be independently and uniformly
distributed between (0, 2pi]. Hence Gl for l = {1, 2, 3, 4} is
given as,
Gl =

ai = MrMt with prob. pi = ( θr2pi
θt
2pi )
ai = Mrmt with prob. pi = ( θr2pi (1− θt2pi ))
ai = mrMt with prob. pi = ((1− θr2pi ) θt2pi )
ai = mrmt with prob. pi = ((1− θr2pi )(1− θt2pi )).
C. Blockage Model
A stochastic blockage model is assumed for mmWave small
cells, where blockages are modeled as a rectangle Boolean
scheme, based on random shape theory. On the basis of this
scheme, LoS probability function p(R) is given by, p(R) =
e−βR where R is the link distance and β is dependent on
statistics of blockages. The LoS probabilities for various links
are assumed to be independent.
III. PERFORMANCE ANALYSIS
In this section, we perform stochastic modeling of typical
user association probability for each tier followed by coverage
and rate analysis of proposed network scenario.
A. Association Probability per Tier
1) Sub-6GHz Macro Cell tier: The association probability
that a user is connected to MBS is given by,
A1 = 2piλ1
∫ ∞
0
xexp
(
−piλ2
(
P2Sx
α1
P1(N − S + 1)
)2/α2
−piλ1x2 − 2piλ3
(
P3S
P1(N − S + 1)
)2/α3
L(x)
)
dx,
(6)
where L(x) is given by,
L(x) =
∫ 4N (x)
0
tp(t)dt+
∫ 4L(x)
0
t(1− p(t))dt, (7)
where 4N (x) = xαN/αL and 4L(x) = xαL/αN . L(x) is
based on the independent thinning of φ3 with LoS probability
function p(R), as described in section II. The probability
density function of users distance to serving MBS, fX1(x),is
given as,
fX1(x) =
2piλ1
A1
xexp
(
−piλ2
(
P2Sx
α1
P1(N − S + 1)
)2/α2
−piλ1x2 − 2piλ3
(
P3S
P1(N − S + 1)
)2/α3
L(x)
)
.
(8)
2) Sub-6 GHz Small Cell tier: The association probability
that a user is connected to sub-6GHz small cell BS is given
by,
A2 = 2piλ2
∫ ∞
0
xexp
(
−piλ2x2 − 2piλ3L(x)−
piλ1
(
P1(N − S + 1)xα2
P2S
)2/α1)
dx,
(9)
where L(x) is given by (8). The probability density function
of users distance to serving sub-6GHz small cell BS, fX2(x),is
given as,
fX2(x) =
2piλ2
A2
xexp
(
−piλ2x2 − 2piλ3L(x)−
piλ1
(
P1(N − S + 1)xα2
P2S
)2/α1)
.
(10)
3) mmWave Small Cell tier: The association probability
that a user is connected to mmWave small cell BS is given as
A3 = 1−
∑
k∈1,2
Ak. (11)
The probability of associating with NLoS link is given by,
AN = ΛN
∫∞
0
exp
{
−2piλ3
∫4N (x)
0
tp(t)dt
}
fN (x)dx [1].
Thus, the probability of associating with LoS link is AL =
1 − AN . Here, fN (x) is probability density function of the
distance of the typical user to the NLoS BS given by, fN (x) =
2piλ3x(1−p(x))exp(−2piλ3
∫ x
0
t(1−p(t))dt)/ΛN and for LoS
link, fL(x) = 2piλ3xp(x)exp(−2piλ3
∫ x
0
tp(t)dt)/ΛL [Eq. 4
of [1]], where ΛN = 1 − exp
{−2piλ3 ∫∞0 t(1− p(t))dt}
is probability of user having at least one NLoS link,
likewise, ΛL = 1 − exp
{−2piλ3 ∫∞0 tp(t)dt} for LoS
link. PDF of the distance of user to serving BS
given it is associated with LoS BS is fˆL(x) =
ΛLfL(x)
AL
exp
{
−2piλ3
∫4L(x)
0
t(1− p(t))dt
}
and for NLoS
link fˆN (x) =
ΛNfN (x)
AN
exp
{
−2piλ3
∫4N (x)
0
tp(t)dt
}
.
B. Coverage Probability
Coverage probability is the measure that the received SINR
at a typical user is higher than a certain threshold, Mathemat-
ically
P kC(Γ) = Pr(SINRk > Γ)
=
∫ ∞
0
Pr(SINRk > Γ|Xk = x)fXk(x)dx
=
∫ ∞
0
P k(Γ, x)fXk(x)dx where k = {1, 2}.
(12)
The total SINR coverage probability, PC , is calculated using
law of total probability as
PC =
3∑
r=1
P rCAr. (13)
The coverage probability for a user associated with MBS is
given by,
P 1(Γ, x) =
N−S∑
l=0
(xα1)l
(l!)(−1)l
∑ l!
l∏
j=1
nj !(j!)
nj
×exp
(
−Γσ
2Sxα1
P1
− Ξ
(
ΓSxα1
P1
)) l∏
j=1
(Ψ(j)(xα1))nj ,
(14)
where Ξ(.) and Ψ(j)(.) is given as,
Ξ(q) = 2piλ1
S∑
z=1
(
S
z
)(
P1
S
)z
qz
(
(−q P1S )−z+
2
α1
α1
)
B
(−q P1S x−α1 )
[
z − 2
α1
, 1− S
]
+ 2piλ2qP2
(J(x))
2−α2
α2
α2 − 2
2F1
[
α2 − 2
α2
, 1; 2− 2
α2
;−qP2(J(x))−1
]
,
(15)
Ψ(1)(i) = −Γσ
2Sxα1
P1
− 2piλ1SΓ x
2−α1
α1 − 2
2F1
[
α1 − 2
α1
, S + 1; 2− 2
α1
;−iΓx−α1
]
− 2piλ2 ΓS
P1
(J(x))
2−α2
α2
α2 − 2 2
F1
[
α2 − 2
α2
, 2; 2− 2
α2
;− iΓS
P1
P2(J(x))
−1
]
,
(16)
Ψ(j)(i) = 2piλ1(−Γ)
2
α1
(S + j − 1)!
(S − 1)!
(i)−j+
2
α1
α1
B(−Γix−α1 )
[
j − 2
α1
, 1− S − j
]
+ 2piλ2(j!)
(i)−j+
2
α1
α1(
−ΓSP2
P1
) 2
α1
B
(−P2 ΓSiP1 (J(x))
−α1
α2 )
[
j − 2
α1
,−j
]
,
(17)
where J(x) =
(
P2Sx
α1
(N−S+1)P1
)
.
The coverage probability for a user associated with sub-
6GHz small cell tier is given as,
P 2(Γ, x) = exp
(
−Γσ
2xα2
P2
− 2piλ1
S∑
z=1
(
S
z
)(
P1Γx
α2
SP2
)z
× (−
Γxα2P1
SP2
)−z+
2
α1
α1
B(P1Γxα2
SP2
(H(x))−1
) [z − 2
α1
, 1− S
]
−
2piλ2Γx
α2
x2−α2
α2 − 2 ×2 F1
[
α2 − 2
α2
, 1; 2− 2
α2
;−Γ
])
,
(18)
where H(x) =
(
N−S+1
SP2
P1x
α2
)
. The proof can be found on
similar lines as mentioned in [5] and is omitted here due to
the space limitation.
The coverage probability for a user associated with
mmWave small cell is given by,
P 3C(Γ) = ALP3,L(Γ) +ANP3,N (Γ), (19)
where P3,L and P3,N are given as,
P3,L ≈
NL∑
j=1
(−1)j+1
(
NL
j
)
×∫ ∞
0
exp
(−jηLxαLΓσ2
MrMt
− Cj(Γ, x)−Dj(Γ, x)
)
fˆL(x)dx,
and
P3,N ≈
NN∑
j=1
(−1)j+1
(
NN
j
)
×∫ ∞
0
exp
(−jηNxαNΓσ2
MrMt
− Ej(Γ, x)− Vj(Γ, x)
)
fˆN (x)dx.
where
Cj(Γ, x) = 2piλ3
4∑
i=1
pi
∫ ∞
x
F
(
NL,
jηLaˆiΓx
αL
NLtαL
)
p(t)tdt,
Dj(Γ, x) = 2piλ3
4∑
i=1
pi
∫ ∞
4L(x)
F
(
NN ,
jηLaˆiΓx
αL
NN tαN
)
(1− p(t))tdt,
Ej(Γ, x) = 2piλ3
4∑
i=1
pi
∫ ∞
4N (x)
F
(
NL,
jηN aˆiΓx
αN
NLtαL
)
p(t)tdt,
Vj(Γ, x) = 2piλ3
4∑
i=1
pi
∫ ∞
x
F
(
NN ,
jηN aˆiΓx
αN
NN tαN
)
(1− p(t))tdt,
and F (N, x) = 1 − 1/(1 + x)N . Here ηL = NL(NL!)−
1
NL
and ηN = NN (NN !)
− 1NN . Parameter aˆi = ai/MrMt, ai and
pi are defined in Section II. The proof can be found on similar
lines as mentioned in [1] and is omitted here due to the space
limitation.
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Fig. 1. Association probability verses N with λ2 = λ3 = 30λ1 and S = 5
C. Rate Coverage Probability
We define the instantaneous downlink coverage rate for
typical user such that the rate is higher than a certain threshold
for an associated tier k defined as
RkC = Pr(Ratek > ρ) = Pr(Wlog(1 + SINRk) > ρ)
= Pr(SINRk > 2
ρ
W − 1) = P kC(2
ρ
W − 1), (20)
where W is the total available bandwidth at the BS.
IV. SIMULATION AND NUMERICAL RESULTS
A 3-tier HetNet is taken with MBS density λ1 = (250000×
pi)−1, λ2 and λ3 are taken multiples of MBS density. The
sub-6GHz tiers are assumed to be operating at 1GHz carrier
frequency, W = 10MHz, path loss exponents α1 = 3.5,
α2 = 4 and transmit power P1 = 46dBm and P2 = 30dBm,
respectively. Likewise for mmWave tier, the operating fre-
quency is 28GHz, W = 100MHz, path loss exponent for
LoS αL = 2 and for NLoS αN = 4 and transmit power
P3 = 30dBm. Nakagami fading parameters for mmWave tier,
NN and NL, are assumed to be positive integers, 2 and 3,
respectively. Array gains for all angles in main lobe are taken
Mr = 10dB, Mt = 10dB and for the side lobes mr = −10dB,
mt = 0dB. Main lobe beamwidth is taken to be θr = 90◦ and
θt = 30
◦. Noise σ2 = −90dBm is taken with noise figure of
10dB. For the LoS probability function p(R) = e(−βR), β is
takes as 1/β = 141.4 meters.
In Fig. 1 we observe the effect of increasing the number
of antennas N on association probability of each tier and see
that association with macro BSs is directly proportional to the
number of antennas on each BS and it prominently effects the
user association with other tiers. This can be attributed to the
higher array gains because of higher antenna density at macro
BSs. Other reason is that macro BSs have greater transmit
power than small cell BSs. After macro BSs most of the load
is managed by mmWave BSs due to their favourable SINR
distribution and larger available bandwidth compared to the
sub-6GHz small cell BSs.
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Fig. 2. SINR coverage probability PC(Γ) verses SINR threshold Γ forN = 4
and S = 2
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Fig. 3. SINR coverage probability PC(Γ) verses SINR threshold Γ forN = 4
and S = 2
Fig. 2 shows the network coverage probability PC for
different small cell BS densities and we observe that as small
cell BS density increases, more users are offloaded to small
cells and it significantly improves the SINR coverage of the
network. Since small cells operate at lower power this may
lead to power efficient network where high power macro BS
have lower traffic but it comes at the cost of high small cell
BS deployment. The macro cells may serve to provide better
coverage at cell edges but within them small cells provide
better coverage. Moreover, it can be observed that simulation
results and analytical results are tightly bound to each other
that validates the model.
Fig. 3 compares network coverage probability of 2-tier net-
work with sub-6GHz macro and small cells and 3-tier network.
We see that the mmWave tier has significant contribution
to SINR coverage probability. This can be attributed to the
favourable SINR distribution, larger available bandwidth and
higher density of mmWave cells. Macro cells may serve to
provide better coverage at cell edges but within them small
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Fig. 4. Rate coverage probability RC verses rate threshold ρ for N = 4 and
S = 2
cells provide better coverage. Moreover, it can be observed
that simulation results and analytical results are tightly bound
to each other that validates the model.
In Fig. 4 we observe that as the small cell BS density
increases, rate increases drastically. This is due to the fact
that small cell BSs form better links to the users when their
deployment density is high and users associated with mmWave
small cells have greater allocated bandwidth.
V. CONCLUSION
In this paper, 3-tier HetNet coverage and rate is anal-
ysed with massive MIMO at macro tier. User association
is performed based on maximum received power and effect
of massive MIMO and mmWave BS density on the user
cell association is investigated. It has been observed that
the implementation of massive MIMO on macro tier and
deployment of high density of mmWave small cells leads
to significant enhancement of rate and coverage. Moreover,
numerical results showed that on increasing number of anten-
nas at macro BS, user association is biased towards macro
tier, leading to low demand of small cells that simplifies the
network.
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